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Lecture 4A. 8-node quadrilateral element

Finite element method
(FEM1)
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8-node 2D quadrilateral element (accuracy, irregular shapes)

natural coordinate system

Geometry mapping:      (𝜉, 𝜂) → (𝑥, 𝑦)

An 8-node element is defined by eight nodes with two degrees of freedom at each node: 𝒖𝒊, 𝒗𝒊. 
It provides more accurate results and can accommodate irregular shapes without significant loss of 
accuracy.

𝑢2

𝑣2

𝑢

𝑣

cartesian coordinate system

𝑛 = 8   ; 𝑛𝑝 = 2 →   𝑛𝑒  = 𝑛 ∙ 𝑛𝑝 = 16



𝛺𝑒
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Reference element vs real elements

reference element (parent element)

One reference element maps to each real element of the mesh

mesh of model elements
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Isoparametric mapping

vectors of nodal coordinates

𝑥𝑖 𝑒 =

𝑥1

𝑥2

.

.

.
𝑥8

       ; 𝑦𝑖 𝑒=

𝑦1

𝑦2

.

.

.
𝑦8

8 × 1 8 × 1

𝑥𝑖

𝑦𝑖
𝑢𝑖

𝑣𝑖

𝑛 = 8   ; 𝑛𝑝 = 2 →  𝑛𝑒 = 𝑛 ∙ 𝑛𝑝 = 16local vector of nodal parameters

𝑞 𝑒 =

𝑞1

𝑞2

.

.

.

.

.

.
𝑞16 𝑒

 =

𝑢1

𝑣1

𝑢2

𝑣2

.

.

.
𝑢8

𝑣8 𝑒

16 × 1

𝑖

𝒖𝟐

𝒗𝟐

𝒖𝟕

𝒗𝟕

𝒖𝟏
𝒗𝟏 𝒖𝟓

𝒗𝟓

𝒖𝟔

𝒗𝟔

𝒖𝟒

𝒗𝟒

𝒖𝟖

𝒗𝟖

𝒖𝟑

𝒗𝟑

Isoparametric mapping – the same 
functions are used to describe the 
geometry and displacement field
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Isoparametric mapping

matrix of shape functions:

𝑁(𝜉, 𝜂) =
𝑁1(𝜉, 𝜂) 0

0 𝑁1(𝜉, 𝜂)
𝑁2(𝜉, 𝜂) 0

0 𝑁2(𝜉, 𝜂)
… 𝑁8(𝜉, 𝜂)
… 0

0
𝑁8(𝜉, 𝜂)

2 × 16

vector of shape functions:

𝑁(𝜉, 𝜂) = 𝑁1 𝜉, 𝜂 , 𝑁2 𝜉, 𝜂 , … , 𝑁8 𝜉, 𝜂
1 × 8 

𝑥

𝑦
𝑢

𝑣

𝑥 = 𝑁(𝜉, 𝜂) 𝑥𝑖 𝑒       ; 𝑦 = 𝑁(𝜉, 𝜂) 𝑦𝑖 𝑒
1 × 8 8 × 1 1 × 8 8 × 1

position and displacement of any point:

𝑢 =
𝑢
𝑣

= 𝑁(𝜉, 𝜂) 𝑞 𝑒
2 × 1 2 × 16 16 × 1
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Shape functions of the 8-node quadrilateral finite elment

corner nodes: 𝑁2 𝜉, 𝜂

midside nodes:

𝑁6 𝜉, 𝜂
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Transformation between natural and cartesian coordinates

partial derivatives of any function of coordinates (𝜉, 𝜂) with respect to (𝑥, 𝑦):

𝜕𝑓

𝜕𝑥
= 

𝜕𝑓

𝜕𝜉

𝜕𝜉

𝜕𝑥
 + 

𝜕𝑓

𝜕𝜂

𝜕𝜂

𝜕𝑥

𝜕𝑓

𝜕𝑦
= 

𝜕𝑓

𝜕𝜉

𝜕𝜉

𝜕𝑦
 + 

𝜕𝑓

𝜕𝜂

𝜕𝜂

𝜕𝑦

𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝐽𝑎𝑐𝑜𝑏𝑖𝑎𝑛 𝑚𝑎𝑡𝑟𝑖𝑥

𝜕𝑓

𝜕𝑥
𝜕𝑓

𝜕𝑦

= 

𝜕𝜉

𝜕𝑥

𝜕𝜂

𝜕𝑥
𝜕𝜉

𝜕𝑦

𝜕𝜂

𝜕𝑦

𝜕𝑓

𝜕𝜉

𝜕𝑓

𝜕𝜂

= 𝐽 −1

𝜕𝑓

𝜕𝜉

𝜕𝑓

𝜕𝜂
2 × 2

𝜕𝑓

𝜕𝜉
= 

𝜕𝑓

𝜕𝑥

𝜕𝑥

𝜕𝜉
 + 

𝜕𝑓

𝜕𝑦

𝜕𝑦

𝜕𝜉

𝜕𝑓

𝜕𝜂
= 

𝜕𝑓

𝜕𝑥

𝜕𝑥

𝜕𝜂
 + 

𝜕𝑓

𝜕𝑦

𝜕𝑦

𝜕𝜂

partial derivatives of any function of coordinates (𝑥, 𝑦) with respect to (𝜉, 𝜂):

𝐽𝑎𝑐𝑜𝑏𝑖𝑎𝑛 𝑚𝑎𝑡𝑟𝑖𝑥

𝜕𝑓

𝜕𝜉

𝜕𝑓

𝜕𝜂

= 

𝜕𝑥

𝜕𝜉

𝜕𝑦

𝜕𝜉

𝜕𝑥

𝜕𝜂

𝜕𝑦

𝜕𝜂

𝜕𝑓

𝜕𝑥
𝜕𝑓

𝜕𝑦

= 𝐽 ·

𝜕𝑓

𝜕𝑥
𝜕𝑓

𝜕𝑦
2 × 2
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Transformation between natural and cartesian coordinates

differential operators:

𝐽𝑎𝑐𝑜𝑏𝑖𝑎𝑛 𝑚𝑎𝑡𝑟𝑖𝑥

2 × 2

𝜕

𝜕𝜉

𝜕

𝜕𝜂

= 

𝜕𝑥

𝜕𝜉

𝜕𝑦

𝜕𝜉

𝜕𝑥

𝜕𝜂

𝜕𝑦

𝜕𝜂

𝜕

𝜕𝑥
𝜕

𝜕𝑦

= 𝐽 ·

𝜕

𝜕𝑥
𝜕

𝜕𝑦

𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝐽𝑎𝑐𝑜𝑏𝑖𝑎𝑛 𝑚𝑎𝑡𝑟𝑖𝑥

2 × 2

;    

𝜕

𝜕𝑥
𝜕

𝜕𝑦

= 

𝜕𝜉

𝜕𝑥

𝜕𝜂

𝜕𝑥
𝜕𝜉

𝜕𝑦

𝜕𝜂

𝜕𝑦

𝜕

𝜕𝜉

𝜕

𝜕𝜂

= 𝐽 −1

𝜕

𝜕𝜉

𝜕

𝜕𝜂

2 × 22 × 22 × 2

𝑢𝑛𝑖𝑡 𝑚𝑎𝑡𝑟𝑖𝑥

𝐽

𝜕

𝜕𝑥
𝜕

𝜕𝑦

= 𝐽 · 𝐽 −1

𝜕

𝜕𝜉

𝜕

𝜕𝜂

= 𝐼 · 

𝜕

𝜕𝜉

𝜕

𝜕𝜂

= 
1 0
0 1

𝜕

𝜕𝜉

𝜕

𝜕𝜂

 = 

𝜕

𝜕𝜉

𝜕

𝜕𝜂
2 × 2

differential operators:

𝜕

𝜕𝜉

𝜕

𝜕𝜂

= 
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How to find the inverse of the Jakobian matrix?

𝜕𝜉

𝜕𝑥
 =

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂
 =

1

𝑑𝑒𝑡 𝐽

𝜕( 𝑁(𝜉,𝜂) 𝑦𝑖 𝑒)

𝜕𝜂
 =

1

𝑑𝑒𝑡 𝐽

𝜕 𝑁(𝜉,𝜂)

𝜕𝜂
𝑦𝑖 𝑒

𝜕𝜂

𝜕𝑥
 = −

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉
 = −

1

𝑑𝑒𝑡 𝐽

𝜕( 𝑁(𝜉,𝜂) 𝑦𝑖 𝑒)

𝜕𝜉
 = −

1

𝑑𝑒𝑡 𝐽

𝜕 𝑁(𝜉,𝜂)

𝜕𝜉
𝑦𝑖 𝑒

𝜕𝜉

𝜕𝑦
 = −

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂
 = −

1

𝑑𝑒𝑡 𝐽

𝜕( 𝑁(𝜉,𝜂) 𝑥𝑖 𝑒)

𝜕𝜂
 = −

1

𝑑𝑒𝑡 𝐽

𝜕 𝑁(𝜉,𝜂)

𝜕𝜂
𝑥𝑖 𝑒

𝜕𝜂

𝜕𝑦
 =

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉
 =

1

𝑑𝑒𝑡 𝐽

𝜕( 𝑁(𝜉,𝜂) 𝑥𝑖 𝑒)

𝜕𝜉
 =

1

𝑑𝑒𝑡 𝐽

𝜕 𝑁(𝜉,𝜂)

𝜕𝜉
𝑥𝑖 𝑒

8 × 1
1 ×8

8 × 1
1 ×8

8 × 1
1 ×8

8 × 1
1 ×8

𝐽 −1 =

𝜕𝜉

𝜕𝑥

𝜕𝜂

𝜕𝑥
𝜕𝜉

𝜕𝑦

𝜕𝜂

𝜕𝑦

 →
2 × 2

the inverse of the Jakobian matrix:

𝐽 −1 =
1

𝑑𝑒𝑡 𝐽
𝐽 𝐶 𝑇 =

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂
−

𝜕𝑥

𝜕𝜂

−
𝜕𝑦

𝜕𝜉

𝜕𝑥

𝜕𝜉

𝑇

 =
1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂
−

𝜕𝑦

𝜕𝜉

−
𝜕𝑥

𝜕𝜂

𝜕𝑥

𝜕𝜉

 =

=

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂
−

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉

−
1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉

2 × 2 2 × 2

𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑒𝑑 𝐽’𝑠 𝑐𝑜𝑓𝑎𝑐𝑡𝑜𝑟 𝑚𝑎𝑡𝑟𝑖𝑥

𝐽 = 

𝜕𝑥

𝜕𝜉

𝜕𝑦

𝜕𝜉

𝜕𝑥

𝜕𝜂

𝜕𝑦

𝜕𝜂

𝑛𝑜𝑑𝑎𝑙 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑦 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛
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How to find the inverse of the Jakobian matrix?

determinant of the Jakobian matrix:

𝑑𝑒𝑡 𝐽 = 𝑑𝑒𝑡

𝜕𝑥

𝜕𝜉

𝜕𝑦

𝜕𝜉

𝜕𝑥

𝜕𝜂

𝜕𝑦

𝜕𝜂

 = 
𝜕𝑥

𝜕𝜉

𝜕𝑦

𝜕𝜂
 −

𝜕𝑦

𝜕𝜉

𝜕𝑥

𝜕𝜂
 = 

= 
𝜕( 𝑁(𝜉,𝜂) 𝑥𝑖 𝑒)

𝜕𝜉

𝜕( 𝑁(𝜉,𝜂) 𝑦𝑖 𝑒)

𝜕𝜂
 −

𝜕( 𝑁(𝜉,𝜂) 𝑦𝑖 𝑒)

𝜕𝜉

𝜕 𝑁 𝜉,𝜂 𝑥𝑖 𝑒

𝜕𝜂
 =

=
𝜕 𝑁(𝜉,𝜂)

𝜕𝜉
𝑥𝑖 𝑒

𝜕 𝑁(𝜉,𝜂)

𝜕𝜂
𝑦𝑖 𝑒 −

𝜕 𝑁(𝜉,𝜂)

𝜕𝜉
𝑦𝑖 𝑒

𝜕 𝑁(𝜉,𝜂)

𝜕𝜂
𝑥𝑖 𝑒

1 × 8 1 × 8 1 × 8 1 × 8
8 × 1 8 × 1 8 × 1 8 × 1

(𝑘𝑛𝑜𝑤𝑛 𝑎𝑡 𝑎𝑛𝑦 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑜𝑚𝑎𝑖𝑛 𝛺𝑒)

𝑥

𝑦

𝛺𝑒

𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑦 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛



11

Gradient matrix calculation

differential operators in the coordinate system (𝑥, 𝑦):

𝜕

𝜕𝑥
𝜕

𝜕𝑦

 = 𝐽 −1

𝜕

𝜕𝜉

𝜕

𝜕𝜂

=

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂
−

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉

−
1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉

𝜕

𝜕𝜉

𝜕

𝜕𝜂

 →

𝜕

𝜕𝑥
=

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂

𝜕

𝜕𝜉
−

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉

𝜕

𝜕𝜂
         ;         

𝜕

𝜕𝑦
= −

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂

𝜕

𝜕𝜉
+

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉

𝜕

𝜕𝜂

gradient matrix for plane stress or plane strain conditions: 

𝑅 =

𝜕

𝜕𝑥
0

0
𝜕

𝜕𝑦

𝜕

𝜕𝑦

𝜕

𝜕𝑥

 =

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂

𝜕

𝜕𝜉
−

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉

𝜕

𝜕𝜂
0

0
1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉

𝜕

𝜕𝜂
−

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂

𝜕

𝜕𝜉

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉

𝜕

𝜕𝜂
−

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂

𝜕

𝜕𝜉

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂

𝜕

𝜕𝜉
−

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉

𝜕

𝜕𝜂

 = 𝑅(𝜉, 𝜂)
3 × 2 3 × 2

2 × 2
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Gradient matrix for plane stress and plane strain conditions

𝑅(𝜉, 𝜂) =

𝜕

𝜕𝑥
(𝜉, 𝜂) 0

0
𝜕

𝜕𝑦
(𝜉, 𝜂)

𝜕

𝜕𝑦
(𝜉, 𝜂)

𝜕

𝜕𝑥
(𝜉, 𝜂)

3 × 2

𝜕

𝜕𝑥
 (𝜉, 𝜂) =

𝜕 𝑁(𝜉,𝜂)

𝜕𝜂
𝑦𝑖 𝑒

𝜕

𝜕𝜉
−

𝜕 𝑁(𝜉,𝜂)

𝜕𝜉
𝑦𝑖 𝑒

𝜕

𝜕𝜂

𝜕 𝑁(𝜉,𝜂)

𝜕𝜉
𝑥𝑖 𝑒

𝜕 𝑁(𝜉,𝜂)

𝜕𝜂
𝑦𝑖 𝑒 −

𝜕 𝑁(𝜉,𝜂)

𝜕𝜉
𝑦𝑖 𝑒

𝜕 𝑁(𝜉,𝜂)

𝜕𝜂
𝑥𝑖 𝑒

1 × 8 1 × 8

1 × 8 1 × 8 1 × 8 1 × 8

8 × 1 8 × 1

8 × 1 8 × 18 × 1 8 × 1

𝜕

𝜕𝑦
 (𝜉, 𝜂) =

𝜕 𝑁(𝜉,𝜂)

𝜕𝜉
𝑥𝑖 𝑒

𝜕

𝜕𝜂
−

𝜕 𝑁(𝜉,𝜂)

𝜕𝜂
𝑥𝑖 𝑒

𝜕

𝜕𝜉

𝜕 𝑁(𝜉,𝜂)

𝜕𝜉
𝑥𝑖 𝑒

𝜕 𝑁(𝜉,𝜂)

𝜕𝜂
𝑦𝑖 𝑒 −

𝜕 𝑁(𝜉,𝜂)

𝜕𝜉
𝑦𝑖 𝑒

𝜕 𝑁(𝜉,𝜂)

𝜕𝜂
𝑥𝑖 𝑒

1 × 8 1 × 8

1 × 8 1 × 8 1 × 8 1 × 8

8 × 1 8 × 1

8 × 1 8 × 18 × 1 8 × 1

𝑥𝑖 𝑒 =

𝑥1

𝑥2

.

.

.
𝑥8

  

  

𝑦𝑖 𝑒 =

𝑦1

𝑦2

.

.

.
𝑦8

8 × 1

8 × 1
𝑥

𝑦



𝜀  = 𝑅(𝜉, 𝜂) 𝑢 = 𝑅(𝜉, 𝜂) 𝑁(𝜉, 𝜂) 𝑞 𝑒 = 𝐵(𝜉, 𝜂) 𝑞 𝑒

13

Strain energy of an 8-node QUAD element

strain vector for plane stress or plane strain conditions:

3 × 1 3 × 2 2 × 1                    3 × 2 2 × 16 16 × 1 3 × 16 16 × 1

𝑈𝑒 =
1

2
׬ 𝜀 𝜎  d𝛺𝑒 =

1

2
𝑞 𝑒(𝑡𝑒 ׬ 𝐵(𝜉, 𝜂) 𝑇 𝐷 𝐵(𝜉, 𝜂) d𝑥𝑑𝑦) 𝑞 𝑒 =

                                                                                  =
1

2
𝑞 𝑒 𝑘 𝑒 𝑞 𝑒

𝛺𝑒  1 × 3 3 × 1 1 × 16 𝐴𝑒  16 × 3 3 × 3 3 × 16 16 × 1

elastic strain energy of a finite element:

3 × 1 3 × 3 3 × 1

𝜎  = 𝐷 𝜀

local stiffness matrix:

𝑘 𝑒 = 𝑡𝑒 න
−1

1

න
−1

1

𝐵(𝜉, 𝜂) 𝑇 𝐷 𝐵(𝜉, 𝜂) 𝑑𝑒𝑡 𝐽 𝑑𝜉𝑑𝜂
16 × 16 16 × 3 3 × 3 3 × 16

(𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑 𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙𝑙𝑦)

𝜀  = 𝐵(𝜉, 𝜂) 𝑞 𝑒
3 × 1 3 × 16 16 × 1 

𝜀  = 𝑞 𝑒 𝐵(𝜉, 𝜂) 𝑇

1 × 3 1 × 16 16 × 3

׬ ) 𝑓 𝑥, 𝑦 d𝑥𝑑𝑦 = 1−׬

1
1−׬

1
𝑓(𝜉, 𝜂)𝑑𝑒𝑡 𝐽 𝑑𝜉𝑑𝜂 )

𝐴𝑒
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Potential energy of loading and equivalent load vector

potential energy of loading in a finite element:

𝑢 = 𝑁 𝑞 𝑒
2 × 1 2 × 16 16 × 1

𝑊𝑒 = ׬ 𝑋 𝑢  d𝛺𝑒 + ׬ 𝑝 𝑢 d𝛤𝑝𝑒 =
𝛺𝑒 1 × 2 2 × 1 𝛤𝑝𝑒 1 × 2 2 × 1

= ׬) 𝑋 𝑁 d𝛺𝑒 + ׬ 𝑝 𝑁 d𝛤𝑝𝑒) 𝑞 𝑒 =
𝛺𝑒 1 × 2 2 × 16 𝛤𝑝𝑒 1 × 2 2 × 16 16 × 1

1 × 16 1 × 16 16 × 1 1 × 16 16 × 1

= ( 𝐹𝑋
𝑒 + 𝐹𝑝

𝑒) 𝑞 𝑒 = 𝐹 𝑒 𝑞 𝑒

𝐹𝑝
𝑒 = ׬ 𝑝 𝑁 d𝛤𝑝𝑒

1 × 16 𝛤𝑝𝑒  1 × 2 2 × 16

𝑥

𝑦

𝑝  = 𝑝𝑥, 𝑝𝑦

𝑋  = 𝑋, 𝑌

𝛺𝑒

1

2

3

4

5

6

7

8

𝛤𝑝𝑒

𝐹𝑋
𝑒 = 𝑡𝑒 න

−1

1

න
−1

1

𝑋(𝜉, 𝜂) 𝑁(𝜉, 𝜂)  𝑑𝑒𝑡 𝐽 𝑑𝜉𝑑𝜂
1 × 16 1 × 2 2 × 16



Equivalent load vector in the 8-node quadrilateral element

𝑥

𝑦

𝛺𝑒

1

2

3

4

5

6

7

8

𝐹 𝑒
16 × 1 

𝐹1𝑒

𝐹2𝑒

𝐹3𝑒

𝐹4𝑒

𝐹5𝑒

𝐹6𝑒

𝐹7𝑒

𝐹8𝑒

𝐹9𝑒

𝐹10𝑒

𝐹11𝑒

𝐹12𝑒

𝐹13𝑒

𝐹14𝑒

𝐹15𝑒

𝐹16𝑒

15

𝐹 𝑒 =

𝐹1

𝐹2

.

.

.

.

.

.
𝐹16 𝑒



Example. Equivalent load vector due to mass forces (gravity load)

gravity load ∶

𝑥

𝑦

𝛺𝑒

1

2

3

4

5

6

7

8

𝑔

𝑋
1 × 2

16

𝐹𝑋
𝑒 = 𝑡𝑒 න

−1

1

න
−1

1

𝑋(𝜉, 𝜂) 𝑁(𝜉, 𝜂)  𝑑𝑒𝑡 𝐽 𝑑𝜉𝑑𝜂

𝐹𝑋
𝑒 = 𝑡𝑒 න

−1

1

න
−1

1

0, −𝑔 𝑁(𝜉, 𝜂)  𝑑𝑒𝑡 𝐽 𝑑𝜉𝑑𝜂
1 × 16 2 × 16

𝐺 = 𝑔𝛺𝑒 (𝑁)

𝐹 𝑒= 0,
𝐺

12
, 0,

𝐺

12
, 0,

𝐺

12
, 0,

𝐺

12
, 0, −

𝐺

3
, 0, −

𝐺

3
, 0, −

𝐺

3
, 0, −

𝐺

3
,

𝑒1 × 16 

𝐺/12

𝐺/3

𝐺/12
𝐺/3

𝐺/12

𝐺/12

𝐺/3

𝐺/3
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Equivalent load vector due to surface load

equivalent load vector due to surface load:

𝐹𝑝
𝑒 = ׬ 𝑝 𝑁 d𝛤𝑝𝑒 = 𝑡𝑒 0׬

𝑙
𝑝 𝑁 𝑑𝑠

1 × 16 𝛤𝑝𝑒  1 × 2 2 × 16

𝑥

𝑦

𝑝  = 𝑝𝑥, 𝑝𝑦

𝛺𝑒

1

2

3

4

5

6

7

8

𝛤𝑝𝑒

𝑑𝑥

𝑑𝑦
𝑑𝑠

3

4

7

𝑠

on edge 4−3:
 𝜂 = 1

𝑙 − 𝑙𝑒𝑛𝑔ℎ𝑡 𝑜𝑓 𝑒𝑑𝑔𝑒 4−3

𝑑𝑠2 = 𝑑𝑥2+ 𝑑𝑦2

𝑑𝑠2

𝑑𝜉2 =
𝑑𝑥2

𝑑𝜉2 + 
𝑑𝑦2

𝑑𝜉2    →
𝑑𝑠

𝑑𝜉
 =

𝑑𝑥

𝑑𝜉

2
+

𝑑𝑦

𝑑𝜉

2

= 𝑡𝑒 0׬

𝑙
𝑝 𝑁 𝑑𝑠 = 𝑡𝑒 1−׬

1
𝑝 𝑁

𝑑𝑠

𝑑𝜉
𝑑𝜉

1 × 2 2 × 16 1 × 2 2 × 16

𝐹𝑝
𝑒 = 𝑡𝑒 1−׬

1
𝑝𝑥, 𝑝𝑦 𝑁

𝜕 𝑁(𝜉,1)

𝜕𝜉
𝑥𝑖 𝑒

2
+

𝜕 𝑁(𝜉,1)

𝜕𝜉
𝑦𝑖 𝑒

2
𝑑𝜉 

1 × 16                                                                  2 × 16

(𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑 𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙𝑙𝑦)

1 × 8
8 × 1 1 × 8

8 × 1



Results on the boundary between two 8-node FEs

18

not continous element solution

𝑥 =  𝑥1,  𝑥5 , 𝑥2

𝑦 =  𝑦1,  𝑦5 , 𝑦2

𝑢 =  𝑢1,  𝑢5 , 𝑢2

𝑣 =  𝑣1,  𝑣5 , 𝑣2

continous DOF solution

1

2

3

4
8

6

7

y’
5



Example. 2D model of cantilever beam (8-node FEs)

19

𝑥

𝑦
fixed support

pressure

𝑒𝑙𝑒𝑚𝑒𝑛𝑡 
𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝜎𝑥

stress 𝜎𝑥 stress𝜎𝑦

𝑒𝑙𝑒𝑚𝑒𝑛𝑡 
𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛

𝑛𝑜𝑑𝑎𝑙 
𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛

𝑛𝑜𝑑𝑎𝑙 
𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛

𝑒𝑙𝑒𝑚𝑒𝑛𝑡 
𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛
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